Abstract. We study many properties concerning weak Kählerianity on compact complex manifolds which admits a holomorphic submersion onto a Kähler or a balanced manifold. We get generalizations of some results of Harvey and Lawson (the Kähler case), Michelson (the balanced case), Popovici (the SG case) and others.
Introduction
It is well known that a compact holomorphic fibre bundle with Kähler basis and Kähler standard fibre does not carry, in general, a Kähler metric: this fact heavily depends on the cohomology of the total space, in particular on the vanishing of the cohomology class of the standard fibre. Simple examples are the Iwasawa manifold I 3 , the Hopf manifolds and the Calabi-Eckmann spheres.
I 3 is a compact holomorphic fibre bundle on a two-dimensional complex torus T 2 , whose standard fibre is a one-dimensional torus T 1 (see [11] , p. 444). I 3 is not Kähler because the homology class of the standard fibre vanishes (that is, the fibre bounds); nevertheless, I 3 is a balanced manifold.
Let us recall the definition of the Calabi-Eckmann spheres: M u,v := S 2u+1 × S 2v+1 , endowed with one of the complex structures of Calabi-Eckmann, is the total space of a (principal) holomorphic fibre bundle over the basis CP u × CP v , with standard fibre (and structure group) a torus T 1 (in case u = 0 or v = 0, they are Hopf manifolds); M u,v is not Kähler nor balanced (see [19] ).
We consider in the present paper two kinds of questions, namely: i) We search suitable conditions which can be added to those on basis, to get a Kähler or a balanced total space.
ii) If the basis is "Kähler"in a more general sense (i.e., it has a hermitian metric which is pluriclosed (SKT), or strongly Gauduchon, or hermitian symplectic . . . see section 2), we would like to get the same condition on the total space.
As a matter of fact, we shall look at this kind of problems in a little more general setting, that is:
Let M and N be connected compact complex manifolds, with dimN = n > m = dimM ≥ 1, and let f : N → M be a holomorphic submersion, where a := n − m = dimf −1 (x), x ∈ M, is the dimension of the standard fibre F . Our hypotheses are of this kind: a) M has a Kähler or a balanced metric; b) the class of fibre F does not vanish in a suitable cohomology group of N;
We look for some "q−Kähler"properties on N: but before illustrating the results (collected in theorems 3.4, 3.5, 3.6, 3.9), we should explain precisely what are the right cohomology groups and what we mean with "q−Kähler". This is not a simply matter at all, because almost everyone has given new names to the objects: we shall try to give also a "dictionary"to understand the connection with other papers.
Two old theorems can explain the background of our results, namely: We refer to our paper [1] for the full of generality: here we recall only the basic definitions, starting from the cases p = 1 and p = n − 1, which are principally involved in our present results.
Preliminaries
Let N be a complex manifold of dimension n ≥ 2, let p be an integer, 1 ≤ p ≤ n − 1. As regards forms and currents, we shall use mainly the notation of [6] .
We shall need de Rham cohomology, and also Aeppli cohomology (for which the notation is not standard): both of them can be described using forms or currents of the same bidegree:
In general when the class of a current vanishes in one of the previous cohomology groups, we say that the current "bounds".
We collect definitions and characterization's results in the following definition. 
Remark.
The technique used to prove the previous characterization statements stems from the work of Sullivan [24] , and is based on the Hahn-Banach Separation Theorem (on dual spaces of forms and currents): see [1] for the proofs.
2.3 Remark. In particular, notice that the currents which are involved are positive in the sense of Lelong, i.e. strongly positive, so that the dual cone is that of weakly positive forms. To be precise, we should define weakly positive, positive, strongly positive currents (see [13] , [1] ), but the wider class, that of weakly positive currents, is enough for our purpose, hence we speak of positive currents in general.
2.4 Remark. As regards Definition 2.1(3), let us write the condition dΨ = 0 in terms of a condition on ∂Ω, as in the other statements; dΨ = 0 is equivalent to: i) ∂Ψ n−j,2p−n+j + ∂Ψ n−j−1,2p−n+j+1 = 0, for j = 0, . . . , n − p − 1, when n ≤ 2p and ii) ∂Ψ 2p,0 = 0, ∂Ψ 2p−j,j + ∂Ψ 2p−j−1,j+1 = 0, for j = 0, . . . , p − 1, when n > 2p. In particular, ∂Ω = ∂Ψ p,p = −∂Ψ p+1,p−1 (which is the sole condition when p = n − 1).
When M satisfies one of the characterization theorems given in Definition 2.1, in the rest of the paper we will call it generically a "p−Kähler"manifold; the form Ω is said to be "closed". Notice also that: pK =⇒ pW K =⇒ pS =⇒ pP L.
As regards examples and differences under these classes of manifolds, see [1] : p−Kähler and p−symplectic manifolds had been defined in [2] .
2.5
The case p = 1. For p = 1, a transverse form is the fundamental form of a hermitian metric, so that we can speak of 1−Kähler, weakly 1−Kähler, 1−symplectic, 1−pluriclosed metrics.
Notice that, while a 1−Kähler manifold is simply a Kähler manifold, the 1−symplectic condition means that there is a symplectic 2−form Ψ which tames the given complex structure J (in the sense of Mc Duff and Gromov, i.e. Ψ x (v, Jv) > 0, ∀ v ∈ T x M, see [18] , [12] ; see moreover [24] , pp. 249-252); we get a hermitian metric with fundamental form α (not closed, in general). 1−symplectic manifolds are also called holomorphically tamed, or hermitian symplectic ([23] ). In [7] , pluriclosed (i.e. 1−pluriclosed) metrics are defined (see also [23] ), while in [8] a 1PL metric (manifold) is called a strong Kähler metric (manifold) with torsion (SKT).
2.6
The case p = n − 1. For p = n − 1, we get a hermitian metric too, because every transverse (n − 1, n − 1)−form Ω is in fact given by Ω = ω n−1 , where ω is a transverse (1, 1)−form (see f.i. [19] , p. 279). 2.7 Remark. Every compact complex manifold supports Gauduchon metrics: in fact, by the characterization in Definition 2.1(4), if T is a positive (1, 1)−current, such that T = ∂∂A, A turns out to be a plurisubharmonic function; but N is compact, so that A is constant, and T = 0.
Remark.
We can now complete the study of compact complex surfaces (n = 2): every surface is 1PL (SKT), because 1 = n − 1; moreover, there is only a class of special surfaces, those which are Kähler (i.e. balanced), because (see [16] ):
The Hopf surface is not in this class. Let us notice that this regards manifolds, but not metrics, as it involves the nonexistence of currents! 2.9 The case 1 < p < n − 1. When 1 < p < n − 1, and ω is a transverse (1, 1)−form, dω p = 0 implies dω = 0; moreover, a transverse (p, p)−form Ω is not necessarily of the form Ω = ω p , where ω is a transverse (1, 1)−form (see also section 4). Hence in the intermediate cases (1 < p < n − 1) the (p, p)−form Ω in Definition 2.1 is not of the form Ω = ω p , in general. Therefore we will not look for "good"hermitian metrics, but will instead handle transverse forms or positive currents, as done in Definition 2.1.
After all, let us recall a very useful result:
The division theorem (see [17] , Theorem 2, p. 69). 
Results
Let M and N be connected compact complex manifolds, with dimN = n > m = dimM ≥ 1, and let f : N → M be a holomorphic submersion, where a := n − m = dimf −1 (x), x ∈ M, is the dimension of the standard fibre F .
As regards the push forward of a "p−Kähler"property, we have:
A deeper result is due to Varouchas (see [25] ): Suppose on the contrary that M has a Kähler or a balanced metric, with fundamental form ω; our aim is to prove that N is "p−Kähler"for some p; but pulling back ω we get the (1, 1)−form f * ω on N, which is no more strictly positive, but only f * ω ≥ 0. Thus we switch to currents, and try to prove that there are no positive currents on N which "bound", as said in the characterization theorems (see Definition 2.1). For brevity, we shall study all cases together: this choice may make the following statements dull reading, but we discuss each case separately after the proofs.
Fix an index p, 1 ≤ p ≤ n − 1: in order to apply the division theorem, choose a "bad"current T on N, i.e. a positive current T of bidimension (p, p) with T = ∂S + ∂S for some current S of bidimension (p, p + 1) as in Definition 2.1, or T = i∂∂A for some current A of bidimension (p + 1, p + 1); the aim is to conclude that T = 0.
Consider
Step 1. In the previous notation, if dω h = 0, then T ∧ f * ω h is also "bad".
Proof of Step 1. Suppose ∂ω h = 0. Then if T = ∂S + ∂S, we get
To use the division theorem, we need T ∧ f * ω h = 0:
Step 2. In the previous notation, suppose dω h = 0. Then T ∧f * ω h = 0 in the following cases: (1) When p = h, the current T ∧ f * ω h has maximum degree, so that T ∧ f * ω h = µdV, where dV is a volume form on N and µ is a positive measure on N. But N µdV = 0, because T ∧ f * ω h "bounds"(Step 1) and N is compact, hence µ = 0. (2) When p > h, by Step 1, T ∧ f * ω h is a "bad"current of bidimension (p − h, p − h) on a "(p − h)−Kähler"manifold, thus it vanishes. (3) To get this result, we use a slicing technique as done in Theorem 5.5 of [19] : there, ∂ω = 0 because dimM = 1, while we have ∂ω h = 0 by hypothesis. We recall here only a sketch of the proof: ∀ x ∈ M, consider local coordinates around x and a cut-off function centered at x to smooth the function δ x ; consider, with obvious notation, the family of positive currents on N given by T ǫ := T ∧ (f * ω h ǫ ); since ∂(f * ω h ǫ ) = 0, every T ǫ is a "bad"current on N, and we get T ǫ → T ∞ , which is a positive current supported on the fibre f −1 (x). But the subspace of positive currents and that of "boundaries"are closed in the space of currents, so that T ∞ is a positive current of bidimension (p − h, p − h) which "bounds"in N. Moreover, by Theorem 4.10 in [4] , T ∞ = g[f −1 (x)], i.e. T ∞ is a multiple of the current given by the integration on the fibre f −1 (x), where g ∈ L 1 loc (f −1 (x)); but g is plurisubharmonic, so that it is constant. Notice that the cohomology class of every fibre of a holomorphic submersion is the same, thus T ∞ = gF "bounds"in N, but F does not bound in N: we get
Step 3. Let us apply now the division theorem with ψ = f * ω (rkψ = m), and with
and a = p − h + 1, then there exists a positive measure µ on N such that t = µf * ω m .
Proof of Step 3. (i)
We get m > q, where q is the bidegree of t, since q = n−p + h−1, but a < p − h + 1; thus by the division theorem, t = 0.
(ii) We have only to check, as before, that q = m.
Recall that our goal is T = 0.
Step 4. In case (i) (a < p − h + 1 and T ∧ f * ω h = 0), we get precisely T = 0.
Proof of Step 4.
Obvious when h = 1; in general, we get T ∧ f * ω h−1 = 0, thus we can apply the division theorem again, using T ∧ f * ω h−2 and getting T ∧ f * ω h−2 = 0, and so on, until T = 0.
Step 5. In case (ii) (a = p−h+1 and T ∧f
Proof of Step 5. The proof goes as in Lemma 18 in [14] : "Suppose f : X → Y is a holomorphic submersion with one-dimensional fibres, and suppose t is a positive current of bidimension (1, 1) on X. Then the push-forward f * t of t to Y is zero if and only if t = ||t||F , where F is the field of unit 2-vectors tangent to the fibre. If, in addition, t satisfies the equation ∂∂t = 0, then t = f * ν, for some non-negative density ν on Y ". Notice that the analogous of this Lemma when a > 1 is no more true, but it is not hard to prove that in our hypotheses the second part of the Lemma also holds when a = 1, because for dimensional reasons ∂(f
This implies that, in the fibre directions, the measure µ is harmonic; since the fibres are compact, we conclude that µ is independent on fibre coordinates, i.e., there exists a positive measure ν on M such that µ = f * ν.
We get finally the following Proposition:
Proposition 3.3. In the above notation, suppose T ∧ f * ω h = 0; we get T = 0 when:
(1) h = 1 and p > a; (2) h = 1, p = a and moreover the generic fibre F does not "bound"in N; (3) m > 1, h = m − 1, and p = n − 1 (thus p − h + 1 > a).
Proof. (1) and (3) are proved by Step 4. As regards (2), it holds T = t = µf * ω m , because we are in case (ii) of Step 3. Notice that ∂∂T = 0 since T is "bad", then by
Step 5 there exists a positive measure ν on M such that µ = f * ν, i.e. T = f * (νω m ). For every x ∈ M, put c := M νω m . Then {νω m } = c{δ x ω m } as homology classes in M, since the homology is one-dimensional in top degree.
Pulling back by f , we have c{f −1 (x)} = {T } = 0, but the generic fibre F does not "bound"in N, hence c = 0, so that T = 0.
Claim. Since the cohomology class of every fibre of a holomorphic submersion is the same, in our setting we can consider the following homological conditions on N, (which does not depend on the index p):
where ("HC"): the generic fibre F of f : N → M does not "bound"in N.
It is clear that when N is "a−Kähler"then ("HC") holds; moreover, since the current given by the integration on F is a closed positive current of bidimension (a, a) on N,
Thus we got T = 0 in all cases, so that N is "p−Kähler": let us collect our results in the following theorems, starting from low dimensional manifolds. Proof. It is a particular case of Theorem 3.6.
Remarks on Theorem 3.4.
(1) The case PL is not significative, since every compact manifold is (n − 1)PL. (2) If N is a surface, all "Kähler"conditions are equivalent, except PL (see section 2): thus the results we got are nothing but Theorem 17 in [14] (see also [19] , Corollary 5.8). (3) Theorem 3.4(2) in case K is in fact a particular case of Theorem 5.5 in [19] (see Theorem 1.2), because when N is (n − 2)K, then every fibre is balanced (pulling back the form from N to every fibre). Cases WK and S seems to be new. Proof. It is a particular case of Theorem 3.6.
Remarks on Theorem 3.5 (See also Remarks on Theorem 3.6).
(1) In Theorem 3.5 (1) and (2), the case PL is not significative, since every compact manifold is (n − 1)PL. (2) When N is (n − 2)WK, it holds (HC) W K ; but since (HC) K = (HC) W K , by Theorem 3.5(2) we get that N is (n − 1)K, i.e. balanced, not only (n − 1)WK as in (1) . We notice also that case (1) is in fact a corollary of case (2) . (3) If n = 3, compare Theorem 3.5(3), case K, with Theorem 17 in [14] (i.e. Theorem 1.1 here). Moreover, when N is 1WK, it is also 2WK thanks to Theorem 3.5(2) (compare section 4). (4) Consider the fibration I 3 → T 2 (see section 1), and recall that on I 3 , all "p− Kähler" conditions are equivalent, since it is holomorphically parallelizable ( [3] ). This example shows that (HC) is not a necessary condition to be balanced. Remarks on Theorem 3.9.
(1) The case PL is not significative, since every compact manifold is (n − 1)PL. (2) When N is aWK, it holds (HC) W K = (HC) K , so by Theorem 3.9(2) we get that N is (n − 1)K, i.e. balanced. (3) Theorem 3.9(2) in case K can be considered as the generalization of Theorem 5.5 in [19] to the case dimM > 1 (but there fibres are allowed to be singular, see Theorem 1.2): see Corollary 3.10. (4) Theorem 3.9(2) in case S asserts that if M is only balanced, and the standard fibre is not null-homologous in the homology of N, the N is sG. 
Conclusions and applications
Let N be a complex manifold of dimension n ≥ 3, let p be an integer, 1 ≤ p ≤ n − 1. In section 2, for p < n − 1, we defined p−Kähler manifolds not by means of a hermitian metric, but only using a strictly weakly positive (p, p)−form (notice also that, by our choice of a strictly weakly positive (p, p)−form Ω, we cannot deduce that Ω ∧ Ω is a 2p−Kähler form): the basic motivation stems from the following observation (which can be directly checked): for p < n − 1, when dω p = 0, then dω = 0; thus this kind of p−Kähler manifolds, where Ω = ω p , are simply the Kähler manifolds.
On the other hand, since ∂ω p = pω p−1 ∧ ∂ω, ∂ω = 0 implies ∂ω p = 0, so that a Kähler manifold is pK for all p: this does not work in the pWK case and in the pPL case, because ∂ω p = pω p−1 ∧ ∂ω = pω p−1 ∧ ∂∂α, whereas we need ∂ω p = ∂∂β; moreover, ∂∂ω p = pω p−2 ∧((p−1)∂ω∧∂ω+ω∧∂∂ω), and in particular ∂∂ω 2 = 2(∂ω∧∂ω+ω∧∂∂ω). Thus only ∂∂ω 2 = 0, ∂∂ω = 0 implies ∂∂ω p = 0 for every p.
In case PL, this kind of metrics / manifolds have been considered: in particular, the following conditions were studied, on a strictly positive (1, 1)−form ω on a n−dimensional manifold N, n ≥ 3.
(1) ∂∂ω k = 0 (k−SKT, see [15] ; k = 1 corresponds to SKT, i.e. 1PL, k = n − 2 is the astheno-Kähler condition of Yost and Yau, k = n − 1 corresponds to Gauduchon metrics) (2) ∂∂ω
In the papers cited in [15] , examples are given to compare these classes of manifolds; moreover, several applications to physics and geometry are indicated.
As regards our point of view, obviously k−SKT implies kPL, but we cannot give a characterization by means of positive currents: this motivates our choice.
In the same vein, other kinds of classes of manifolds have been considered: for instance, those where every Gauduchon metric is a strongly Gauduchon metric (in our notation, every (n − 1)PL metric is also a (n − 1)S metric), see [22] , or every (n − 1)S metric is also a (n − 1)WK metric, see [9] . There are important ties with Aeppli cohomology, but this kind of problems is not in the spirit of the present paper.
Nevertheless, the link between ω and ω p is important, to answer the following natural question:
Is a "1−Kähler"manifold also "p−Kähler", ∀p ≥ 1? As we said, this is obvious in case K, not in case WK or PL.
In case pS, if we consider the conditions given in Remark 2.4, we are in the same troubles as before. But when the question is translated as follows: "Is a 1S manifold also a pS manifold?", the answer is positive.
Indeed, let ψ be a closed 2-form, whose (1, 1)−component is ω > 0. Then ψ p is closed too, and its (p, p)−component is given by ω p + ζ, where ζ is a sum of (p, p)−forms of this kind: ω k ∧ (σ p−k η ∧ η), η ∈ E p−k,0 , hence ζ is a positive form, so that ω p + ζ > 0.
In general, we can consider the following classes of manifolds (of dimension n ≥ 3), for 1 ≤ p ≤ n − 2:
Class "( * ) p ": When N is "p−Kähler", then it is "q−Kähler" ∀q ≥ p.
The results we proved give: For instance, M u,v cannot have any degree of Kählerianity, since it is not balanced.
As we said before, every compact manifold belongs to ( * ) In this situation, the sole condition ("HC") implies that N is "p−Kähler", ∀p ≥ 1.
